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1 Adjustment of estimating functions
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Maximum likelihood estimation

Data

(.)/1aX1T)> SRR (y/oxlj)

xi = (Xj1,--.,xi) " € RK is a vector of explanatory variables for y;
Model

Independent random variables Yi,..., Yk with pmf/pdf fy.(yi|x;; 0)
Parameter § € © C R°

Task
Estimate 0
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Key quantities

Log-likelihood!
(8) = log py.(yilxi: 0)
i=1
Score function
s(0) = V(0)
Maximum likelihood (ML) estimator

0 = o0
e ()

Information
Observed: j(8) = —VV /()
Expected: i(0) = Ef (s(0)s(6)")

Lsubject to usual regularity conditions; see, Pace and Salvan (1997, §4.3)
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Good properties

Equivariance
g(f) is the ML estimator of g(0) for general transformations g(.)

Asymptotic properties
If the model is adequate, then, under fairly general conditions

Consistency 6250

Asy. mean unbiasedness  Ef(0 — 0) = b(0) + O(n~?), b(0) = O(n™ 1)
Asy. median unbiasedness P(0; < 0,) = 1/2 + O(n"*/?)
varg(0) = i(6) —|—AO(n_2), i.e. the approxi-

Asy. efficiency mate variance of 0 is the Cramér-Rao bound
for unbiased estimators2

Asy. normality i(0)/2(6 — 0) —%5 N,(0, 1)

2“bound” in the sense that varg(6) — i(6) ™! is a positive semidefinite matrix for
any unbiased estimator 6.
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Beta regression: A fully-specified model

Yi,...,Y,, independently distributed, each with density

. o r(/’él’) 1ipi—1 (1—pi)pi—1
fily; pi, i) = ! 1- :
i g 61) M(pidi)T((1 — #i)¢i)y (1=7)

with0<y<1,0<p <1, ¢;>0
Then,

E(Yi; pis ¢i) = pi
var(Yi; pi, @) = (L — i) /(L+¢;) (i=1,...,n)

So, ¢; are precision parameters.



loannis Kosmidis - Adjusted estimating functions

Beta regression

Link p; and ¢; to covariates as
gi(ui) =x'p
&(s1) =z~

where g1 and g» are monotone functions with appropriate domain and
range R
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Gasoline yield

A beta regression model with

9
log —"— = fo+ > Busiu+ froz (i=1,....n)

1- Hi u=1
is fitted to n = 32 observations on gasoline yield (Prater, 1956)

m Response is the proportion of crude oil converted to gasoline after
distillation and fractionation

m Sj,...,Sio are the values of 9 binary covariates which represent 10

distinct experimental settings

m z; is temperature (in F) at which all gasoline has vaporized

Parameters: 67 = (3o, f1, - - -, 10, D)
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ML estimates

95% Wald CI

Parameter ML Estimate (Est £ 1.96 StdErr )
Bo -6.160 (0.182) -6.517 -5.802
[ 1.728 (0.101) 1.529 1.926
[ 1.323  (0.118) 1.092 1.554
B3 1572 (0.116) 1.345 1.800
Ba 1.060 (0.102)  0.859 1.260
fs 1.134 (0.104) 0.931 1.337
Be 1.040 (0.106) 0.832 1.248
B 0.544  (0.109)  0.330 0.758
Bs 0.496 (0.109) 0.282 0.709
Bo 0.386 (0.119) 0.153 0.618
Bio 0.011 (0.001)  0.010 0.012
¢ 440.278

Parenthesized quantities are the est. standard errors based on the diagonal of
inverse expected information evaluated at the estimates

3ML using betareg (Griin, Kosmidis, and Zeileis, 2012)
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Density of the estimator for ¢
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Coverage of Wald-type confidence intervals
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Densities of the mean regression estimators
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4Bias reduction using betareg (Griin, Kosmidis, and Zeileis, 2012)
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Density of the estimator for ¢
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Gasoline yield

Maximum Bias
likelihood reduction

Bo —6.160  (0.182) —6.142  (0.236
B 1727 (0.101) 1723 (
B 1323 (0.118) 1319
Bs 1572 (0.116) 1567  (
Ba  1.060  (0.102) 1.057  (
Bs 1134  (0.104) 1130  (0.134
) (
) (
) (
) (
)

Bs  1.040  (0.106 1.037
Bz 0544  (0.109 0.542
Bs  0.496  (0.109 0.494
Bo 0386  (0.119 0.385

B 0.011 (< 0.001 0.011 (< 0.001
¢ 440.278 261.038

Parenthesized quantities are the est. standard errors based on {i(6)}~*



Performance of Wald-type confidence intervals (ML)

90% 92.5%

1.00
1.00

0.85
85

R R R R R
B. B2 Bs Ba Bs Bs Br B Bo Puo B. B2 Bs Br Bs Bo By Bs B Buo

0.70
0.70

95% 99%

1.00
1.00

0.85
0.85

Bi B2 Bs Ba Bs Bs Br Bs Bo Pio o Bi B2 Bs Ba Bs Bs Bz Bs Bo PBuo

™~
o

10000 samples under the ML fit

0.70



Performance of Wald-type confidence intervals (BR)
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Adjusted score functions

Key idea®
For A(8) = Op(1), define

0+ s(0) + A(0) =0

Find A(6) such that f has “better” asymptotic properties than @, aiming
to improve its finite sample properties

Instances of better asymptotic properties

~ ~

Property 0 0

Mean bias o(n™1) o(n™?)
Median bias  1/2+ O(n"%/2) 1/24 O(n %/?)
Efficiency i(6) + 0(n™3) i(0) + O(n™3?)

5Used in Firth (1993) for mean bias reduction in ML estimation, and ealrier (see,
e.g. Warm, 1989) in more special contexts
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Inference using adjusted scores estimators

Since A(#) = 0,(1) and s(#) = O,(n'/?) , § is consistent and has the
same asymptotic distribution as the ML estimator.

4

Usual first-order inferential procedures can be used out of the box:

e.g. Wald-type intervals (with estimated variance i(¢)), (adjusted) score
tests, model selection using frequentist information-criteria, etc.
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Quasi-Fisher scoring for solving adjusted score equations®

s(8)/i(8)

. —1
Omi1) = Omy + 1 (O(my) 5 (O(m)) — b (O(m))

where b(8) = —i(6)TA(6)
6see, Kosmidis and Firth (2010), for quasi-Newton Raphson and quasi-Fisher
scoringe in mean bias reduction
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Outline

2 Bias reduction in maximum likelihood estimation
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Mean-bias reducing adjusted score equations®

Adjustment
The adjusted scores estimator has Ef(f — 6) = o(n~1) if

1
A:(0) = Etrace [1(0) ™ {P:(0) + Q:(0)}]
with P(8) = Br {s(0)s(6) Ts:(6)} and Qu(6) = —Er [i(0)se(6)}
Quasi-Fisher scoring iteration
bms1) = Om) + 1 (Om) 5 (Om)) = b (6(m))
where b () = —i(0)"*A(0) is the O(n~1) term in @'s bias expansion’

Equivariance

g(0) is a mean-bias reduced estimator of g(6) only if g(8) = C6, for any
known real matrix C

7Mean-bias reduction can also be achieved using:

i) other bias function estimators in BT(0): iterated bootstrap (Kuk, 1995)

ii) single-step from 0: asymptotic bias correction (Efron, 1975), bootstrap, jackknife
8see, Firth (1993) and Kosmidis and Firth (2009)
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Bias-reducing penalized likelihoods for GLMs

Data

Response vector y = (y1,...,¥,)" and n x p model matrix X of full rank.
Model

Yi,...,Y, are independent from an exponential family of distributions

with the ith mean p; linked to predictors n; = x;' 8

Theorem®

For univariate GLMs with fixed dispersion, there exists a penalized
log-likelihood ¢*(3) such that V¢*(3) = s(8) — i(B8)b(3), for all possible
specifications of model matrix X, if and only if

d

dTyE(Y") oc var( ;) (1)

where k € R does not depend on the model parameters.

e.g. canonical links (logistic regression, log-linear models, inverse Gamma
regression) and poisson regression with n = {E(Y)” — 1} /v

9Kosmidis and Firth (2009)
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For logistic regression (Y; ~ Bernoulli(y;), p; = 1/(1 + e~")), the
reduced bias estimates are

3 = arg max {E(ﬁ) + % log |XTW(6)X} )
where W(3) = diag {m1(1 — 71),...,mn(1 — m,)}.

Theorem??

If the model matrix X is of full rank, the estimates B are always finite

10see Kosmidis and Firth (2021) for proof and an account of the shrinkage
properties of maximum Jeffreys-penalized likelihood in binomial response GLMs



loannis Kosmidis - Adjusted estimating functions

R> data("endometrial", package = "brglm2")
R> endo_ML <- glm(HG ~ NV + PI + EH, family = binomial(), data = endometrial)
R> summary(endo_ML)

Call:
glm(formula = HG ~ NV + PI + EH, family = binomial(), data = endometrial)

Deviance Residuals:
Min 1Q Median 3Q Max
-1.50137 -0.64108 -0.29432 0.00016  2.72777

Coefficients:
Estimate Std. Error z value Pr(>|z|)
(Intercept) 4.30452 1.63730 2.629 0.008563 **

NV 18.18556 1715.75089 0.011 0.991543

PI -0.04218 0.04433 -0.952 0.341333

EH -2.90261 0.84555 -3.433 0.000597 *x*x*

Signif. codes: O 'x**' 0.001 '#x' 0.01 'x' 0.05 '.' 0.1 ' ' 1

(Dispersion parameter for binomial family taken to be 1)
Null deviance: 104.903 on 78 degrees of freedom
Residual deviance: 55.393 on 75 degrees of freedom

AIC: 63.393

Number of Fisher Scoring iterations: 17
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R> library("brglm2")
R> endo_mBR <- update(endo_ML, method = "brglm_fit")
R> summary (endo_mBR)

Call:
glm(formula = HG ~ NV + PI + EH, family = binomial(), data = endometrial,
method = "brglm_fit")

Deviance Residuals:
Min 1Q Median 3Q Max
-1.4740 -0.6706 -0.3411 0.3252 2.6123

Coefficients:
Estimate Std. Error z value Pr(>|zl)

(Intercept) 3.77456 1.48869 2.535 0.011229 *

NV 2.92927 1.55076 1.889 0.058902 .

PI -0.03475 0.03958 -0.878 0.379914

EH -2.60416 0.77602 -3.356 0.000791 *x*x*

Signif. codes: O 'x**' 0.001 '#x' 0.01 'x' 0.05 '.' 0.1 ' ' 1

(Dispersion parameter for binomial family taken to be 1)

Null deviance: 104.903 on 78 degrees of freedom
Residual deviance: 56.575 on 75 degrees of freedom
AIC: 64.575

Type of estimator: AS_mixed (mixed bias-reducing adjusted score equations)
Number of Fisher Scoring iterations: 6
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s(6) — i(0)b(6) = 0
Widespread applied usage: in a range of of models (GLMs, GNMs,
meta-regression, beta regression, cox regression) and disciplines, mainly

because of side-effects of bias reduction in categorical data models

Avoids replication — typically required for bootstrap/jackknife/indirect
inference — at the expense of relying heavily on the chosen model

Ample availability of software for specific model classes, e.g. in R

package  model

brglm logistic, probit, cloglog, cauchit regression
logistf logistic regression

brglm2  all GLMs

betareg beta regression

coxphf  Cox regression

Theoretical extensions: e.g. median bias reduction (Kenne Pagui et al.,
2017; Kosmidis et al., 2020)
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I\/Iedlan bias reducing adjusted score equations'?

Adjustment
The adjusted scores estimator has P(f; < 6;) = 1/2 + o(n™ 1) if

AB) = trace [i(0) ™ {PU0) + Qu0)}] — IR(O)
where R,(8) = [i(6)1]] Re(6), with
Bo(0) = trace {fu(e) {;wa) 4 ;Qt(e)H
and 7,(6) = [(0)uliC0) 1T /1(6)

Equivariance

g(8;) is the median-bias reduced estimator of g(6;) for any one-to-one
function g(-) j =1,...,p)

Hsee, Kenne Pagui et al. (2017)



loannis Kosmidis - Adjusted estimating functions

IWLS for mean and median bias reduction®?

Quasi-Fisher scoring is equivalent to an IWLS step for 3
BUHD) ( xTwo) X)’l xTwo) (Zu) 4 gel) 4 g0) xu0>)
In contrast with the ML estimator, 5 and ¢ are updated simultaneously

Kosmidis et al. (2020) give closed-form expressions for £ and u, and the
mean and median BR updates in ¢

1256e, Kosmidis et al. (2020)
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IWLS step for mean bias reduction

XB*

C

(every quantity is pre-multiplied by W?/2)
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IWLS step for median bias reduction

XB*

C

(every quantity is pre-multiplied by W?/2)
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IWLS step for median Bias reduction

(every quantity is pre-multiplied by W?/2)
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R> library("brglm2")
R> endo_mBR <- update(endo_ML, method = "brglm_fit")
R> summary (endo_mBR)

Call:
glm(formula = HG ~ NV + PI + EH, family = binomial(), data = endometrial,
method = "brglm_fit")

Deviance Residuals:
Min 1Q Median 3Q Max
-1.4740 -0.6706 -0.3411 0.3252 2.6123

Coefficients:
Estimate Std. Error z value Pr(>|zl)

(Intercept) 3.77456 1.48869 2.535 0.011229 *

NV 2.92927 1.55076 1.889 0.058902 .

PI -0.03475 0.03958 -0.878 0.379914

EH -2.60416 0.77602 -3.356 0.000791 *x*x*

Signif. codes: O 'x**' 0.001 '#x' 0.01 'x' 0.05 '.' 0.1 ' ' 1

(Dispersion parameter for binomial family taken to be 1)

Null deviance: 104.903 on 78 degrees of freedom
Residual deviance: 56.575 on 75 degrees of freedom
AIC: 64.575

Type of estimator: AS_mixed (mixed bias-reducing adjusted score equations)
Number of Fisher Scoring iterations: 6
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R> library("brglm2")
R> endo_mdBR <- update(endo_ML, method = "brglm_fit", type = "AS_median")
R> summary (endo_mdBR)

Call:
glm(formula = HG ~ NV + PI + EH, family = binomial(), data = endometrial,
method = "brglm_fit", type = "AS_median")

Deviance Residuals:
Min 1Q Median 3Q Max
-1.4683 -0.6588 -0.3204 0.2083 2.6530

Coefficients:
Estimate Std. Error z value Pr(>|zl)

(Intercept) 3.96936 1.56232  2.557 0.010557 *

NV 3.86921 2.29824 1.684 0.092269 .

PI -0.03868 0.04187 -0.924 0.355569

EH -2.70793 0.80301 -3.372 0.000746 *x*x*

Signif. codes: O 'x**' 0.001 '#x' 0.01 'x' 0.05 '.' 0.1 ' ' 1

(Dispersion parameter for binomial family taken to be 1)

Null deviance: 104.903 on 78 degrees of freedom
Residual deviance: 55.868 on 75 degrees of freedom
AIC: 63.868

Type of estimator: AS_median (median bias-reducing adjusted score equations)
Number of Fisher Scoring iterations: 8
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Outline

3 Reduced-bias M-estimation
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s(6) — i(8)b(6) = 0
Intractable or infeasible likelihoods

Impractical due to the requirement to compute expectations under the
chosen model

Other objectives (e.g. composite likelihoods), estimating functions
Theory does not apply; requires fully-specified models
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s(6) — i(8)b(6) = 0
Intractable or infeasible likelihoods

Impractical due to the requirement to compute expectations under the
chosen model

Other objectives (e.g. composite likelihoods), estimating functions

Theory does not apply; requires fully-specified models

b(0): first-term in the bias expansion of the MLE

Typically, requires substantial algebraic/implementation effort
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Beta regression

Detailed expressions for s(8), i(0), P:(0) + Q:(0) for beta regressions are
in Griin, Kosmidis, and Zeileis (2012)

V, V,
B, t Yt

Wsps Wpaeys
Pris® + Qa0) = | W7 W] (s

By.s

Vsg,e = X @Dy (9D} Ks + D{Ka) XX ,

Ve = X TOD2D; {6 (MKs + W2) + Ka) X2 Z,

Voo = 27001 { D2 (MPKs + 2MW2 — W2 ) + D} (MKz — Wa) } XPZ
Wsp.s = X @D {®Df (MKs + W2) + Dy (MKz — wl)} zPx,
Wpy.e= X' DyD? {cb (M2K3 +2MY, — \uz) T MKs — \Ul} ZPz,
Woqs =2Z7D3 {M3K3 + (33/\/72 —3M+ 1n) v, — Qz} Pz

+ 2" D20y {MP K + W1 —2M¥y — 21} ZPZ.
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s(6) — i(8)b(6) = 0
Intractable or infeasible likelihoods

Impractical due to the requirement to compute expectations under the
chosen model

Other objectives (e.g. composite likelihoods), estimating functions

Theory does not apply

b(0): first-term in the bias expansion of the MLE

Typically, requires substantial algebraic/implementation effort

13see, Firth (1993) and Kosmidis and Firth (2009) for iff for GLMs
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s(6) — i(8)b(6) = 0
Intractable or infeasible likelihoods

Impractical due to the requirement to compute expectations under the
chosen model

Other objectives (e.g. composite likelihoods), estimating functions
Theory does not apply

b(0): first-term in the bias expansion of the MLE
Typically, requires substantial algebraic/implementation effort

Bias-reducing penalized likelihoods

A bias-reducing penalized likelihood with gradient s(0) — i(6)b(0) exists
only for special models'3

e.g. for exponential families, bias reduction through Jeffreys penalties

13see, Firth (1993) and Kosmidis and Firth (2009) for iff for GLMs
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Setting

M-estimator of a parameter vector §# € © C RP
k .
> i) =0
i=1

where (0) = (0, Yi, x;) and ¢/(0) = (¥1(0). ..., ()"

Data

Realizations of random vectors Y7,..., Y\ with
Yi=(Yi,...,Yi) €Y C R

Possibly, a sequence of covariate vectors xi, ..., xx with

Xj = (X,'17 . 7X,'ql.)T eX C R

Y:|x; from an unknown data-generating process G
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Modelling regimes covered

Fully-parametric models (e.g. GLMs, GLMMs, Beta regression, ...)
Quasi-likelihoods*
Generalized estimating equations!®

Composite likelihoods'®

4see Wedderburn (1974) and McCullagh (1983)
5see Liang and Zeger (1986)
16see Varin et al. (2011) for an overview
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Empirical mean-bias reducing adjustments

Adjustment

Under fairly standard regularity assumptions for M-esitmation®’,
0« 2K 0i(0) + A(0) = 0 has Eg(d — 0) = O(n=3/2) if

Ac(0) = —trace {j(6) 1 dx(0)} — %trace {j(a)*le(e) Loy )" ut(G)]

j(0) is the matrix with sth row —ZLl Vi(8), assumed invertible
u(0) = 31, VY T 0(0)

e(0) = T v (O ()}

dr(0) = Xisa VUI(0)'(0)

7see, Kosmidis and Lunardon (2021) for RBM-estimation and assumptions
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Ratio of two means

Estimate 6 = uy /ux from pairs (xi,y1) ", ..., (xn, ¥n) " where
x = Eg(Xi) # 0 and py = Eg(Y})
M-estimator (intuitive by WLLN + continuous mapping theorem)

GA:S—Y%Z()/;—QX;):O where sZ:ZZ,-

s
x i=1 i=1

0 is biased for finite samples; bias, typically, depends on g(x;, y;)'8

RBM-estimator (RB = Reduced-Bias)
5 Sy +sxy/sx 5
0 = ——— where sy =>» ZiW,;
sx + Sxx/Sx v w ;

Robustness side-effects

Ass, — 0, 0 diverges, while 0 — Sxy /Sxx

8¢ g. Durbin (1959)
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Asymptotic distribution

Empirical bias-reducing adjustment is small
N1 1
—trace {j(0)"'d:(0)} — Etrace [ e(0) {j(0)

4

Asymptotic normality

Q(9)2(8 — ) L5 N,(0, 1)

with
Q(0)™" = B(O)*M(0){B(0)"1}T
M(0) = Ec(e(9))

B(6) = Ec(i(9))

1}T ut(Q)]
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Asymptotic distribution

Empirical bias-reducing adjustment is small

—trace {j(0) " 'd:(0)} — %trace {j(ﬁ)*lew) {j(@)*l}—rut(ﬂ)] = 0,(1)

4

Asymptotic normality

Q(A)2( — 8) - N,(0, 1)
with
Q(6)™" = B(6)*M(6){B(6) 1} "
M(6) = Ec(e(0))
B(6) = Ec(j(¥))

Empirical variance-covariance matrix for ¢
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Bias-reducing penalties to objective functions

Suppose that S>_ 4/ (0) = V(6)

Empirical bias-reducing penalized objective functions
Then, the adjusted score functions Zf.;l Y/(0) + D(0) are the gradient of

00) — %trace {i(0) " te(0)}

whose maximizer is 6
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Bias reduction and model selection

0 is the maximum (composite) likelihood estimator and £(6) is the
logogarith of the (composite) likelihood!®

Takeuchi Information criterion (TIC)
—20(0) + 2trace { j(é)—le(é)}
TIC model selection by selecting the model with largest
¢(d) — trace { j(é)—le(é)}
Empirical bias-reducing penalized objective functions

o) — %traee (5(6)2e(6)}

TIC with reduced-bias estimates is still consistent

%(f) — trace { j(é)—le(é)}

19See Varin and Vidoni (2005) for when £(6) is a composite likelihood and CLIC
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Easy implementation

Calculation of A.(6) or of the penalty to the objective requires only the
contributions to the estimating functions / objective and their derivatives

Ingredients for general implementation?°
Implementation of the estimating functions / objective

Software for automatic differentiation®!
e.g. RcppEigenAD in R or ForwardDiff, ReverseDiff in Julia

Matrix multiplication

A general method for solving nonlinear systems of equations

e.g. nlegslv in R, or NLsolve in Julia

20See the MEstimation Julia package at github.com/ikosmidis/MEstimation.j1
2lsee, e.g. Griewank and Walther (2008)


github.com/ikosmidis/MEstimation.jl
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Autologistic regression

Data: y(s) € {—1,1} and covariates x(s) € #* at locations
seS= {5117"'751(,‘17"-7$k17-"75kck}

Hydrocotyle vulgaris data: (A) Observed presence/absence data (white
indicates presence, which is taken to be the "high” level). (B) Value of the
covariate, altitude.?

22Pjcture from Wolters (2017), who also provides an authoritative overview of
autologistic regression
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Autologistic regression*

Data: y(s) € {—1,1} and covariates x(s) € R at locations
seS= {511,...,slq,...,skl,...,skck}

Model: f(y | {y(u): ue G(s)},x(s),0)
with ¢(s) = x(s) "8 + A3 (s ¥ (1)

e¥<(s)
T e 6) + 09

Composite conditional likelihood?3

k ¢
exp{t(0)} = [T Fr(sy) [ {Y(u): ue G(sy)}, x(sy). 6)

i=1j=1

23aka Besag's pseudo-likelihood (Besag, 1975)
24See, Wolters (2017) for an authoritative overview on autologistic regression
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Autologistic regression*

Data: y(s) € {—1,1} and covariates x(s) € R at locations
seS= {511,...,slq,...,skl,...,skck}

e¥<(s)
Model: f(y | {y(u) : u € G(s)},x(s),0) = O 1 @

with ¢(s) = x(s) T8+ A > uec(s) Y(u)
Composite conditional likelihood?3

koG
exp{{(0)} = HH Fly(sy) | {Y(u) - ue G(sy)}, x(sy), 0)
Bias—reducinlg_lp:r::alized objective with plug-in penalty
0(0) — %traee {i(0)te(0)} + {(1 - log | X T W(0)X|
where %(s) = (2x(s) T, 2Zu€G(S)Jy:(1u)I)T, W(0) has diagonal elements

w(su){l = 7(s11)} - m(ska ) {1 = (s )}, 7(s) = 1/{1+ e}

23aka Besag's pseudo-likelihood (Besag, 1975)
24See, Wolters (2017) for an authoritative overview on autologistic regression



. S Al | omcer e £
loannis K - 3

High-dimensional autologistic regression
k = 100 fully-connected groups, ¢ = 10, x(s) ~ N1go(0, (2kc)~1)
s =(10,...,10,5,...,5,0,...,0)7, A € {-0.2,-0.1,0,0.1}
—— ——
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Outline

4 Variance correction



Call:
betareg(formula = accuracy ~ dyslexia * iq | dyslexia + iq, data = ReadingSkills,
type = "ML")

Standardized weighted residuals 2:
Min 1Q Median 3Q Max
-2.3900 -0.6416 0.1572 0.8524 1.6446

Coefficients (mean model with logit link):
Estimate Std. Error z value Pr(>|zl|)

(Intercept) 1.1232 0.1428 7.864 3.73e-15 *xx*
dyslexia -0.7416 0.1428 -5.195 2.04e-07 **x
iq 0.4864 0.1331  3.653 0.000259 **x
dyslexia:iq -0.5813 0.1327 -4.381 1.18e-05 *x*x

Phi coefficients (precision model with log link):
Estimate Std. Error z value Pr(>|z|)

(Intercept) 3.3044 0.2227 14.835 < 2e-16 ***
dyslexia 1.7466 0.2623  6.658 2.77e-11 **x
iq 1.2291 0.2672  4.600 4.23e-06 ***
Signif. codes: O 'x**' 0.001 '#x' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Type of estimator: ML (maximum likelihood)
Log-likelihood: 65.9 on 7 Df

Pseudo R-squared: 0.5756

Number of iterations: 25 (BFGS) + 1 (Fisher scoring)
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Finite sample variance of the ML estimator

Forp=1
i L 2O 0P
F(0) = 0 + 0 2b(0)? + G +0(n73),
—~
o(n—1) o(n—2)

where ~(0) is the statistical curvature (Efron, 1975), which is zero for full
exponential families and positive, otherwise
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typically

2'() () A
gL 0) + 0) +2b(6)* + 0 +0(n7?),
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use all terms at 6 := 7

-1 2()
vare(9) =y i)

target

+ 2b(0)? +
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use all terms at 0 := 7

.1 b
N i 7

+ 2b(0)% + 7/.(((2))2 +0(n73),

target

Not necessarily non-negative due to 2b'(6)/i(0) 2°

25Examples in the PhD thesis by Claudia Di Caterina (Di Caterina, 2017)
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gy L 260 ()
varg(f) _i(9)+ 0 + 2b(6)? + 0 +0(n?),

target; bootstrap?
Bootstrap CDF of f is not necessarily available in closed form so refitting
is required, in general
Choice of bootstrap (parametric, non-parametric, semi-parametric?)

Can result in instabilities, e.g. when estimating the variance of the
log-odds, where there is positive probability of infinite estimates
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Variance corrected estimators
Let £,(0) = d"¢(6)/d0"; v(0) = Ee(£.(0)); v,s(0) = Eg(¢,(0)05(0)), ...

Adjustment

The adjusted scores estimator has varg(f) = 1/i(f) + O(n~3) if A(6) is
the solution of the first-order linear differential equation
dA V172(9) + V3(9)

where

~ 2vi12+3vap — Vi +3viz+ vy 5v3 + 16v3vy o + 10vf2

2vs 4v2

Solution of (2) for initial condition A(t) =a, t € © and a € R

0 S a
A(9) = 12(6) { / V"z((s)) s+ (t)}
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Choice of initial conditions

07 < s(6) + A(f) = 0 attains the Cramér-Rao lower bound to 2nd order
foranyt€ ©@ and ae R

Choice of t and a can be based on bias considerations



loannis Kosmidis - Adjusted estimating functions

Binomial odds
Random variable Y with pmf

py(y|m,0) = (T)w(G)y(l —-n(@)™, ye{0,1,...,m},0>0

where 7(0) = 0/(1 + 0), i.e. 0 is the odds of success.

. Yy m
fi : =2~ 3771
Score unctlonA s(0) a1
ML estimator: 6 = y/(m — y)
. . H 1
Bias reducing score adjustment: A(¢) = 119

RB estimator: § = y/(m+1-y)

Variance correcting score adjustments

_ t(2a(t+1)>+3t+2) —0(30 4 2)
Al0) = 20(0 + 1)2
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Binomial odds

y ML RB VCI(t=1a=-1/2) VC2t=2 a=1)
0 0.000 0.000 0.043 1.100
1 0111  0.100 0.143 1.231
2 0250 0.222 0.263 1.387
3 0429 0.375 0.412 1.576
4 0667 0571 0.600 1.810
5 1.000 0.833 0.846 2.108
6 1500 1.200 1.182 2.505
7 2333 1750 1.667 3.062
8 4000 2667 2.429 3.912
9 9000 4500 3.800 5.395
10 oo 10.000 7.000 8.745
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Binomial odds: Variance

method — ML — RB — VCl(t=1,a=-1/2) — VC2(t=2,a=1)

10 20 80 400
30

variance
N
o

=
o

_/

00 25 50 75 10000 25 50 75 10000 25 50 75 10000 25 50 75 100
[*]
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Binomial odds: Bias

method — ML — RB — VCI(t=1,a=-1/2) — VC2(t=2,a=1)
10 20 80 400
0
12}
8 -2
Qo
-4

00 25 50 75 10000 25 50 75 10000 25 50 75 10000 25 50

7.5 100
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Binomial odds: Mean squared error

method — ML — RB — VCl(t=1,a=-1/2) — VC2(t=2,a=1)

10 20 80 400

20
Q
1)
€
10
0 L L]

00 25 50 75 10000 25 50 75 10000 25 75 10.000 25 50 75 100
[*]
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Outline

5 Discussion
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Discussion |

RB M-estimation
Relies only on derivatives of estimating functions or objectives

Penalized bias-reducing objectives if an objective is available
(e.g. composite likelihoods, partial likelihoods, etc)

Variance correction
Second-order efficiency considerations

Estimating functions for stratified settings®®

Bias reduction of a low-dimensional parameter of interest in the presence
of strata-specific nuisance parameters

25see Sartori (2003) and Lunardon (2018)
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Discussion I
Dependent series
Time-series modelling under stationarity assumptions?

4

Adjacent non-overlapping sub-series for the definition of e(#) and d,(6)

6

Efficiency gains

B2 B2
QL RBM:p method [JJj v I o RBM:beta
2
1 -
0 ITT = 0.75 <
w L IIII - 0.50 =
&2 ITITTITT g 0.25 . 2
<, £ 000
! 2 gors <
0 IIII W 0.50 =
-1 II S 0.25 =
_2 N
T T 0.00
34567 3456867 3 4 5 6 7
log(n;) log(n;)

26see Carlstein (1986)
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High-dimensional regression settings

M RBM+ M RBM+

0.10

0 25 50 751000 25 50 75100
parameter

n =800, p =100, {x(s;)} are iid N(0,1/(2n)), 100 fully-connected groups



Mean bias reduction in ML estimation m
Ar = ftrace [ P+ Qr}]

Median bias reduction in ML estimation

A = %trace [i_l {P: + Qt}] —

RB M-estimation

A = —trace {j ldt} - ftrace [ { 1} ut}

Bias-reducing penalized objectives ¢ — trace {j ‘e}

Variance correction

A —Alviz +vs)/va=gq

Software
brglm?2 ‘R github.com/ikosmidis/brglm2
betareg ‘R r-forge.r-project.org/projects/betareg
MEstimation 2  github.com/ikosmidis/MEstimation.jl
brquasi ‘R github.com/ikosmidis/brquasi

¥ IKosmidis_ % ioannis.kosmidis@warwick.ac.uk @ www.ikosmidis.com


github.com/ikosmidis/brglm2
r-forge.r-project.org/projects/betareg
github.com/ikosmidis/MEstimation.jl
github.com/ikosmidis/brquasi
www.ikosmidis.com
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